We have measured the temperature dependence of the direct band gap, Eg, in SrTi 16 O3 and BaTiO3 and related materials with quantum-paraelectric and ferroelectric properties using optical spectroscopy. We show that Eg exhibits an anomalous temperature dependence with pronounced changes in the vicinity of the ferroelectric transition that can be accounted for in terms of the Fröhlich electron-phonon interaction with an optical phonon mode, the so-called soft mode. We demonstrate that these characteristic changes of Eg can be readily detected even in very thin films of SrTi 16 O3 with a strain-induced ferroelectric order. Optical spectroscopy thus can be used as a relatively simple but sensitive probe of ferroelectric order in very thin films of these titanates and probably also in subsequent multilayers and devices.
Ferroelectric (FE) materials have important applications in sensors and electronic devices, for example in dynamic random access memories [1] [2] [3] . The growth and characterization of very thin FE layers is therefore an active field of research. In FE thin films the polarization and the transition temperature, T Curie , can be severely reduced below their bulk values or even entirely suppressed due to so-called "dead layers" that may arise from poorly screened depolarization fields at surfaces and interfaces or from strain and defects [1] [2] [3] . On the other hand, in SrTi 16 O 3 , which in its bulk form is a so-called quantum paraelectric material for which the FE order is suppressed by quantum lattice fluctuations, a FE order can be induced in thin films that are strained by lattice matching to the substrate [4, 5] . For such thin films and especially for subsequent complex heterostructures with FE layers, it is therefore very important to have a readily accessible technique that enables one to identifiy the FE order. Direct capacitance or impedance spectroscopy measurements of the FE order on such thin films are often complicated and hindered by parasitic charges forming at interfaces and electrodes that can obscure the FE contribution [6, 7] . Dedicated techniques like piezo-response force microscopy [8] , synchrotron x-ray diffraction [9, 10] or ultraviolet Raman spectroscopy [11] have therefore been used to detect the FE order in very thin films. In the following we show that standard optical spectroscopy measurements of the temperature (T ) dependence of the direct band gap, E g , can be used as an alternative and very effective tool to identify such a FE transition. This is demonstrated for the case of bulk SrTi 16 18 O 3 crystal was prepared as described in Ref. [14] . STO thin films on DyScO 3 and (LaAlO 3 ) 0.3 -(SrAlTaO 6 ) 0.7 (LSAT) substrates were prepared by pulsed laser deposition with in situ reflection high energy electron diffraction growth control. The substrate temperature was 900
• C, the oxygen pressure p(O 2 ) = 0.11 mbar and we used a 248 nm excimer laser with a fluence of 1.5 J cm 2 . Subsequent to the growth, the films were slowly cooled in 1 bar oxygen.
Spectroscopic ellipsometry measurements were performed in the near-infrared to ultra-violet range of 0.5 -6.5 eV with a commercial ellipsometer (Woollam VASE [15]) equipped with a UHV cryostat for a temperature range of 4 K < T ≤ 700 K. For the far-infrared (FIR) and mid-infrared measurements we used a home-built setup as described in Ref. [16] . FIR reflectivity measurements were performed with the home-built setup described in Ref. [17] . The modeling of the ellipsometry data (surface roughness correction for crystals and substrate correction for thin films) was done with the Woollam VASE software [15] .
Figure 1(a) shows the T -dependent spectra from 2 -6 eV of the real and imaginary parts of the dielectric function, ε = ε 1 + iε 2 , of bulk STO. They contain four prominent bands centered at 3.7, 4.2, 5.1, and about 6 eV which correspond to direct interband transitions between the O-2p states in the valence band and the Ti-3d states in the conduction band [18, 19] . The indirect band gap at 3.25 eV yields a very weak absorption band that is barely visible in the spectra and therefore does not concern the following discussion of the T -dependence of the direct band gap, E g , at about 3.7 eV. spectra of the second derivative of ε 2 as obtained with a Savitzky-Golay smoothing procedure [20] . They have been fitted with the second derivative of the function
which describes the response in the vicinity of a direct absorption edge due to the singularity in the joint density of states at a three-dimensional so-called M 0 critical point [21, 22] . Here, the parameter C represents a constant background, S is the amplitude, Γ the broadening, and E corresponds to the energy threshold of the associated transition which in this case is the energy of the band gap, E g . The obtained T -dependence of E g and Γ are displayed in Figs. 1(c) and (d), respectively. The evolution of E g is rather anomalous, it exhibits a sizeable increases from ∼ 3.71 eV at 10 K to 3.77 eV at 300 K before it reaches a maximum at ∼ 3.81 eV around 500 K and decreases again toward higher T . We note that this characteristic T -dependent shift of the interband transition is visible in the bare spectra of ε, i.e. it can be readily identified even without the quantitative analysis using Eq. (1). A similar trend below 300 K was also previously reported in Ref. [23] .
The magnitude of E g in semiconductors and insulators is well known to undergo sizeable changes with T , usually to lower energy, like in Si, Ge or GaAs [24, 25] , but in some cases as in PbS also to higher energy [26] . Part of this T -dependence is accounted for by the thermal expansion of the lattice, but a sizeable contribution can also arise from the electron-phonon interaction [27, 28] . The latter is caused by the deformation of the electronic potentials due to the dynamic atomic displacements. Its sign is determined by the lattice structure and the electronic states forming the valence and conduction bands. Its magnitude depends on the amplitude of the atomic displacement, u, which in the harmonic approximation is related to the effective mass of the atoms, µ, the eigenfrequency of the phonon mode, ω, and the Bose-Einstein factor, n B = e ω/k B T − 1 −1 , according to u 2 = 2µω (1 + 2n B ) where means a thermal average. The resulting shift of the band gap, ∆E g , is nearly constant at k B T ω where it is dominated by the quantum lattice fluctuations, it starts to increase around k B T ≈ ω and is proportional to T at k B T ω [29] . As observed in some chalcopyrites, the T -dependence of E g may also exhibit a sign change if the contributions due to phonons with low and high eigenfrequencies have opposite signs [30] .
In polar or partially ionic crystals, an additional contribution to the electron-phonon interaction arises from the long wavelength longitudinal optical (LO) phonons which give rise to a macroscopic polarization that can be described in terms of the Fröhlich interaction [21] . Its contribution to the shift of the band gap is [27, 31] 
where ε ∞ and ε 0 are the dielectric constants at energies well above and below the phonon range, respectively, and A is a T -independent prefactor that depends on material parameters such as effective mass and lattice constant.
It is important to notice that at k B T ω, where n B is nearly constant, the T -dependence of ∆E g is determined by that of ε 0 .
In the following we provide evidence that in STO and related titanates this Fröhlich interaction governs the Tdependence of E g below about 250 K. In STO the thermal expansion of the lattice has a regular T -dependence [32, 33] and thus should contribute to a decrease of E g as the lattice expands with increasing T . This assumption is confirmed by band structure calculations which predict that E g increases with pressure (or decreasing lattice constant) [34] . The structural phase transitions at 105 K from a cubic to a tetragonal state and around 65 K toward an orthorhombic phase also do not have any noticeable effect on E g . This suggests that the unusual T -dependence of E g in STO is caused by the electronphonon interaction. STO is indeed well known for its anomalous lattice dynamical properties. It is a so-called quantum paraelectric material with an incipient FE state below about 35 K [35] that is suppressed by the quantum lattice fluctuations [36] . This anomalous behavior is closely related to the softening of a transverse optical (TO) phonon which involves a polar displacement of the Ti ion away from the central position of the octahedron formed by the neighboring oxygen ions. The eigenfrequency of this so-called "soft mode", ω TO , decreases from about 95 cm −1 at 300 K to about 15 cm
at low T [37] . According to the Lyddane-Sachs-Teller relation,
this soft TO mode gives rise to a strong increase of ε 0 = 390 at 300 K to ε 0 = 14.000 at low T [38, 39] . The open squares in Fig. 1(c) show that this divergence of ε 0 toward low T and the subsequent increase of the Fröhlich interaction according to Eq. (2) account well for the renormalisation of E g below about 250 K. The fit to the E g data yields a vertical offset of E g (T = 0 K) = 4.15 ± 0.02 eV and a prefactor of A = 2.26 ± 0.12 eV. The prefactor C = 2.52 ± 0.12 in the Lyddane-Sachs-Teller relation, which accounts for the T -independent contribution of the two other IR-active phonon modes at 175 and 540 cm −1 , and ε ∞ = 5.1 and the eigenfrequency of the LO mode, ω LO = 788 cm −1 , have been obtained from the ellipsometry data. The latter have only a very weak T -dependence as shown in Ref. [40] that does not have a noticeable effect on our estimate of the Fröhlich interaction. which is also a quantum paraelectric material with a soft TO phonon mode [41] . Similar to STO, the value of E g , as derived from the optical spectra, exhibits a strong increase with T up to about 300 K. The open squares show that the Fröhlich-interaction accounts once more well for the T -dependent renormalisation of E g below 250 K. As input parameters we used ε ∞ = 4.7 and the T -dependence of ω TO that was measured with FIR ellipsometry as outlined in the Supplementary Material [40] . The value for ω LO = 833 cm −1 has been taken from Ref. [42] . The fit using equation (2) yields a vertical offset of E g (T = 0 K) = 4.87 ± 0.01 eV, A = 2.24 ± 0.06 eV, and C = 2.92 ± 0.07. The corresponding data and fits for CaTiO 3 with C = 1.89 ± 0.08, E g (T = 0 K) = 4.35 ± 0.03 eV, and A = 3.30 ± 0.15 eV are displayed in Fig. 2(b) . They confirm that the soft mode behavior and the resulting divergence of ε 0 towards low T are governing the renormalisation of E g . To the best of our knowledge, this is the first time that the important role of the Fröhlich electron-phonon interaction in the anomalous T -dependence of E g in these quantum paraelectric materials has been demonstrated.
In return, the characteristic T -dependence of E g can be used to monitor the soft mode behavior and to identify a possible FE transition in these materials. We demonstrate this first for the case of oxygen isotope substituted SrTi 18 O 3 for which a weak FE order that is stabilized by the reduction of the lattice quantum fluctuations develops below T Curie ≈ 26 K [43] . Figure 2(c) shows that the T -dependence of E g exhibits indeed a weak, yet clearly noticeable anomaly at T Curie ≈ 26 K. This anomaly is marked by an arrow and is more clearly shown in the inset which compares the low-T behavior of E g in SrTi 18 O 3 (full circles) with the one of the rescaled E g (by a factor of 1.0015) of SrTi 16 O 3 (stars). Shown by the open squares is the contribution of the Fröhlich interaction as obtained using Eq. (2) with ω LO = 765 cm −1 , ε ∞ = 5.1, C = 1.88 ± 0.05, and the T -dependence of ω TO as measured with FIR spectroscopy. The latter exhibits an anomalous hardening below T Curie as is shown in the Supplemental Material [40] . The fit yields E g (T = 0 K) = 4.34±0.02 eV and A = 3.16±0.10 eV and reproduces the T -dependence of E g and also the anomaly around T Curie ≈ 26 K rather well.
It has been predicted that the static displacement, u, that occurs below the FE transition will also contribute to the hardening of E g [44] . It reduces the symmetry of the lattice and thereby can introduce a mixing of the oxygen and titanium related bands that leads to a repulsion of the valence and conduction bands which increases E g . Nevertheless, the good agreement in Fig 2(c) between the measured E g values and the estimated contribution of the Fröhlich interaction suggests that the latter accounts for a sizeable and possibly even the major part of the hardening of E g in the FE state.
In Figure 2 (d) we show that similar arguments likely even apply for the case of BaTiO 3 for which the formation of a FE state with a large polarization below T Curie = 405 K gives rise to a much stronger anomaly in the T -dependence of E g than in SrTi
18 O 3 . Whereas E g is only weakly T -dependent in the paraelectric state at T > T Curie , right below T Curie it exhibits a steep increase that is about 50 times stronger than the one in SrTi 18 O 3 .
In BaTiO 3 the situation is somewhat complicated by the fact that there exist two soft TO modes that both contribute to the divergence of ε 0 at T Curie [45, 46] . The additional low frequency mode (the so-called central mode) accounts here for the order-disorder component of the FE transition which apparently is of a mixed character. Accordingly, we explicitly included the T -dependence of both soft TO modes in the Lyddane-Sachs-Teller relation using ω TO as reported in Refs. [45] [46] [47] . The values of C = 4.78 ± 0.20, ω LO (300 K) = 716 cm −1 and ε ∞ = 5.3 were once more obtained from our IR ellipsometry data. The open squares in Figure 2(d) show that the large anomaly of E g in BaTiO 3 can be reasonably well reproduced in terms of the Fröhlich interaction with the fit parameters E g (T = 0 K) = 3.72 ± 0.01 eV and A = 0.63 ± 0.01 eV that are not too far from the ones in STO. We notice that the agreement could be further improved by including additional contributions from the coupling to the other phonon modes (which do not soften toward T Curie ) and the thermal lattice expansion. These can become rather sizeable in the vicinity of T Curie = 405 K and may for example account for the rather weak T -dependence of E g in the paraelectric state. Last but not least, we show in Fig. 3 that the anomaly in the T -dependence of E g can be used to identify the FE order in STO thin films. It is well known that a FE order can be induced in STO thin films that are grown on substrates which introduce a strong tensile strain [5] .
For orthorhombic, (110) oriented DyScO 3 substrates the average mismatch with respect to the lattice parameters of bulk SrTiO 3 is about +1%. For fully lattice matched STO this amounts to a sizeable tensile stress of ∼ 1 GPa and an induced FE transition at T Curie ∼ 300 K. This FE state has been previously identified with piezo-force scanning microscopy [8] , synchrotron x-ray diffraction [9] , and more recently with THz and FIR spectroscopy studies of the T -dependence of the soft TO mode of STO [48] . Figure 3(a) shows that the strain-induced FE order in these STO thin films can be also conveniently identified with optical spectroscopy. The solid symbols display the T -dependence of E g for a series of STO films on DyScO 3 substrates with thicknesses of 49, 16, and 5 nm, respectively. The characteristic anomaly, as indicated by the arrows, serves as a clear fingerprint of the FE transition at T Curie ∼ 330, 320 and 250 K, respectively. For the case of the 49 nm thick STO film we have confirmed the FE transition at T Curie = 330 K with far-infrared reflectivity measurements which directly probe the Tdependence of the soft TO mode as shown in Figs. 3(c) -(d). For the thinner films these far-infrared data are increasingly difficult to interpret since the signal from the STO phonons becomes much weaker than the one from the DyScO 3 substrate (which also exhibits a considerable T -dependence). On the other hand, Fig. 3(b) shows for the 16 nm thick STO film that the FE transition can be readily identified in the as measured spectra of the pseudo-dielectric function, ε 2 due to the blue shift of the corresponding interband transition below T Curie ∼ 320 K. The enhanced sensitivity of the optical spectra to the properties of such thin films is owed to the penetration depth of the light which is much shorter in the VIS-UV range (∼ 100 nm) than in the FIR range (> 1000 nm). Finally, Fig. 3 (a) also shows our optical data of a STO thin film grown on a LSAT substrate which exerts a weak compressive strain that does not induce a FE transition [5] . Here the T -dependence of E g exhibits indeed no sign of an anomaly and is similar to the one in bulk STO.
In summary, we have shown that the anomalous Tdependent shift of the direct band gap of STO is strongly affected and likely even dominated by the Fröhlich electron-phonon interaction with the so-called soft mode that is at the heart of its quantum paraelectric properties. We have also demonstrated that the optical band gap measurements can therefore be used as a very sensitive and efficient tool to search for a ferroelectric order in related bulk and thin film materials. In particular, we have shown that the strain-induced ferroelectric order in STO films on a DyScO 3 substrate can be readily detected even in films that are only 5 nm thick. This well established optical technique, which is accessible in many laboratories, could be rather useful to search for ferroelectric transitions in other bulk and thin film materials, in particular, in complex heterostructures and devices with buried ferroelectric layers. It will also be interesting to study relaxor ferroelectric, improper ferroelectric or even multiferroic materials to investigate whether they exhibit a similar relationship between the enhancement of the dielectric constant and the renormalisation of the direct band gap due to the Fröhlich-type electron-phonon interaction.
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Supplemental Material
Optical probe of ferroelectric order in bulk and thin film perovskite titanates Ellipsometry spectra of BaTiO 3 , KTaO 3 , and SrTi
18
O 3 in the NIR-UV
In figure S1 we show typical ellipsometry spectra for the incipient ferroelectric material KTaO 3 and for CaTiO 3 in terms of the real and imaginary parts of the dielectric function, ε = ε 1 + iε 2 , together with the corresponding second derivative spectra of the imaginary part,
Corresponding data for the ferroelectric materials SrTi 18 O 3 and BaTiO 3 are shown in figure S2 . All presented spectra have been corrected for surface roughness effects using the Woollam VASE software [1] . The surface roughness has been found to be on the order of ≤ 4 nm for all investigated samples and it showed only a weak variation with temperature during a measurement cycle. Only during the measurements at T > 550 K we have sometimes observed a decrease in the roughness that occurred during or after the measurements. Fitting of the direct interband transition in the vicinity of the M 0 point in the NIR-UV region
The numerical derivatives of the real and imaginary parts, ε 1 and ε 2 , of the measured dielectric function have been independently calculated using an implementation of the Savitzky-Golay smoothing algorithm in Python [2] . The code yields also the n-th numerical derivative of the input data with respect to the input x-value, i.e. the energy in our case. Care has been taken that no artificial features are introduced by the smoothing procedure. The real and imaginary parts,
∂E 2 , have been fitted simultaneously in the vicinity of the M 0 critical point using the second derivative of equation (1) given in the paper. After the fitting, the parameters for the energy, E, the prefactor, S, and the broadening Γ for the transition have been obtained as exemplary shown in the main part of the publication for SrTiO 3 .
It is important to note that the maxima of the derivative spectra do not necessarily coincide with the extracted energies of the interband transitions. The introduction of a phase factor p = 3π 2 i in the exponent results in a mixing of real and imaginary parts of the dielectric function close to the resonance. This can lead to a small shift of the transition energy away from the observed maxima in the derivative spectra.
Determination of ω LO
In an insulator like SrTiO 3 the eigenfrequency of a longitudinal optical phonon mode, ω LO , can be accurately determined from the zero-crossing of the real part of the dielectric function, ε 1 , or likewise from a maximum in the so-called loss function,
(1) Figure S3 shows for the case of the room temperature spectra of In these insulating titantes, the value of ω LO of the soft mode is hardly temperature dependent. This is demonstrated in Fig. S4 for the case of SrTiO 3 which shows that the position of the peak in the loss function, as derived from our mid-infrared ellipsometry measurements, hardly changes with temperature. This has been also previously shown by Servoin and Gervais in Ref. [4] . 
Soft mode behaviour in perovskite titanates
The eigenfrequency of the transverse optical branch of the soft mode, ω TO , of SrTiO 3 is known to decrease from ∼ 95 cm −1 at 300 K to ∼ 15 cm −1 at low temperature [5, 6, 7] due to its quantum paraelectric behavior. Figure S5 (a) shows the result of an Lorentz oscillator fit of the soft mode to our far-infrared ellipsometry data over a broad range of temperatures. A similar softening of ω TO is observed in the incipient-ferroelectric perovskite material KTaO 3 and also in CaTiO 3 as shown in figure S5(b) . In the ferroelectric state the soft mode is expected to harden again [8] . In the following we show that this behaviour is indeed observed in the ferroelectric state of SrTi 18 O 3 at T ≤ T Curie = 26 K. Figure S5 (c) displays the T -dependence of ω TO which has deduced from the peak position of the soft mode in the dielectric function. The latter has been obtained from far-infrared reflectivity data of SrTi 18 O 3 by using a Kramers-Kronig transformation. It shows that the soft-mode eigenfrequency, ω TO , exhibits a weak, yet clear minimum at T Curie = 26 K as marked by the arrow in figure S5(c) . In the ferroelectric phase between 30 and 5 K there is indeed a characteristic hardening of ω TO by ∼ 5 cm −1 . A similar value has been previously obtained from Raman measurements on such SrTi 18 O 3 crystals [9] .
The T -dependence of the soft mode in BaTiO 3 has been extracted from the literature data for the hyper-Raman scattering [10] , the far-infrared spectroscopy in Ref. [11] for T < T Curie , and the lower energy phonon branch as observed in the infrared spectroscopy for T > T Curie in [12] . The estimated phase transition temperature of T Curie = 405 K of these assembled experimental results agrees well with T Curie of the sample that has been investigated in this work.
Determination of ε 0 and ε ∞ from the ellipsometry spectra , using the values of ω TO , ω LO , and ε ∞ that have been determined from the far-to mid-infrared ellipsometry spectra. We have 5 already shown how ω TO and ω LO have been obtained from these optical spectra. In the following we show how the value of ε ∞ has been reliably obtained from these ellipsometry data. Figure S6 shows that at energies well above the phonon range and well below the interband transition region (or the gap energy), the real part of the dielectric function is only very weakly temperature dependent and exhibits a very moderate and continuous dispersion. For our calculations we used the value of ε ∞ at E = 0.9 eV at 300 K. We note that the very weak T -variation of ε ∞ of less than a percent does not have any sizeable effect on our estimate of the band-gap shift due to the Fröhlich interaction as presented in our paper. According to equation (1) , the Fröhlich interaction is governed by the very large T -dependent changes of ε 0 which arise from the soft-mode behavior. 
